Quantum tunneling through vacuum-multiparticle induced potentials 
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The vacuum cavity mode induces a potential barrier and a well when an ultra-slow excited atom 
enters the interaction region so that it can be reflected or transmitted with a certain probability. 
We demonstrate here that a slow- velocity excited particle tunnels freely through a vacuum electro- 
magnetic field mode filled with A*' — 1 ground state atoms. The reason for this is the trapping of the 
moving atom into its upper state due to multiparticle influences and the corresponding decoupling 
from the interaction with the environment such that the emitter does not see the induced potentials. 

PACS numbers: 32.80.-t, 42.50.Pq, 42.50.Fx, 42.65.Tg 



The technological progress in the area of the Cavity 
Quantum Electrodynamics made possible to achieve the 
strong-coupling regime where the coherent interaction 
between a single atom and the light field dominates over 
the dissipation processes 0, S MB, II II II i, i, El El 
E^ . Experiments showing vacuum Rabi splitting 0,13; 
ringing regime of superradiance , collapses and revivals 
as well as the trapping states in the micromaser and 
the quantum entanglement H |1| have been already re- 
ported. In addition, creation of atomic nanostructures 

t, atomic interferometry and diffraction by a light wave 
13 or a laser oscillation with one atom in an optical 
resonator Il0| were successfully demonstrated. Another 
significant experimental result in the strong coupling do- 
main was the real-time detection of single atoms transit- 
ing through high-finesse optical cavities [iJl • Interesting 
phenomena are expected from the super-strong coupling 
regime [l^. 

Remarkably, ground-state atoms accelerated through a 
vacuum - state cavity radiate real photons J_3], while 
particle acceleration by stimulated emission of radiation 
has been experimentally demonstrated in E3- On the 
other hand, the atomic motion of single ultraslow parti- 
cles passing through high-quality resonators can be con- 
siderable modified due to the fact that the kinetic energy 
of the atoms is comparable with their coupling energy to 
the cavity field El Hi 113 ■ The tunneling of matter wave 
packets through different types of traps and barriers at- 
tracted then a lot of attention due to a possible design 
of an atomic soliton laser E3 or a velocity selector for 
ultracold particles 19]. 

Here we report on the resonant quantum tunneling of 
slow atoms through vacuum-multiparticle induced poten- 
tials in high-finesse resonators. An atomic wave packet 
incident on a vacuum cavity mode which induces a poten- 
tial barrier and a well can be reflected or transmitted with 
a certain probability. The magnitudes of these potentials 
however are significantly enhanced when in the interac- 
tion region there are many indistinguishable ground-state 
particles. The tunneling mechanism relies then on the 
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trapping of the moving atom into its upper state due 
to the multiparticle interactions and the corresponding 
decoupling from the environment such that the emitter 
does not see the induced potentials. Larger atomic sys- 
tems lead to a complete transfer of single excited particles 
through the vacuum - multiparticle induced potentials. 
The effect is independent on the width of these poten- 
tials and on particle's velocities providing that its kinetic 
energy is in the classically forbidden range. For moderate 
samples the transmission probability is characterized by 
sharp maxima and minima which can be useful in deter- 
mining the number of the trapped ground-state particles 
inside the resonator within one emission wavelength. 
We consider a monoenergetic beam of excited two-level 
slow atoms, each of mass /i, to be incident upon a single- 
mode high-quality cavity of length L filled with N — 1 
identical ground-state motionless particles. The atomic 
fiux is adjusted so that only one particle interacts with 
the cavity vacuum field at a time. The dipole-dipole in- 
teractions between the radiators are neglected here as- 
suming lower atomic densities. The Hamiltonian describ- 
ing such a multiatom sample resonantly interacting with 
the quantized cavity mode in the dipole and rotating- 
wave approximation is given by: 



ie{i,--- ,N} ^ 
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Here and a are the radiation creation and anni- 
hilation operators obeying the commutation relations 
[a, a^] = 1, and [a, a] = [a'^,a^] = 0. The atomic op- 
erator R^{Rf) describes the excitation (de-excitation) 
of ^th atom into its upper (lower) energy level and sat- 
isfies the usual commutation relations for su(2) algebra, 
i.e = 2-R^j<5j; and [Rzj,R^] = ±Rf5ji with R^ 

being the inversion operator. 

In Eq. ^ the first and the second terms are the free 
electromagnetic field (EMF) and free atomic Hamiltoni- 
ans, respectively. The third term is the kinetic energy of 
the center-of-mass motion (CM) of the atom probing the 
compound system, i.e. 'cavity plus ground state atoms', 
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FIG. 1: An excited atom with CM kinetic energy E = 
(hx)^ /2n (indicated by two horizontal arrows) is incident from 
the left on a cavity of length L that contains A'" — 1 ground 
state particles. The effect of the cavity with a z-independent 
mode function is to induce a rectangular potential barrier 
{+hg^/N) and a rectangular well {—hgVW) while the excited 
atom tunnels through it if A*' 3> 1. 



while pz = hx is the quantum-mechanical motional mo- 
mentum operator of this particular emitter. The fourth 
term takes into account the interaction of all atoms with 
the vacuum cavity field. Further, gi are the atom-field 
couplings strength for the interaction between the quan- 
tized field with frequency ujc and the atoms with level 
spacing hujQi. Note that the motion of the ground-state 
particles is neglected here assuming fixed positions for 
them. Though a ground state atom recoils with a mo- 
mentum hkf when it absorbs a photon of wave vector 
kf this process is less probable here since, as it will be 
shown, there is no photon emissions in the multiparticle 
case. Moreover, thermal fluctuations will not affect the 
ground-state particles if the mean thermal photon num- 
ber n inside the resonator mode is very small, i.e. n — > 

As there is only one excitation at a time, the atom-cavity 
system can be investigated in the following basis states: 

|l) = |ei,32,--- ,5Ar;0), |j) = \gi,g2,--- ,gN;0) 

U = 2,--- ,N) and |0) = |5i,52,-- - ,5jv;1). Here |1) 
means that the particle which enters the cavity is ex- 
cited while all other atoms are in their ground states in- 
side the vacuum-state resonator. Respectively, the state 
\j) {j 7^ 1) is a collective state of the jth atom being ex- 
cited into the vacuum cavity mode. All the atoms in their 
ground states and one photon into the cavity mode is de- 
scribed by |0). Due to the equivalence of iV — 1 ground 
state motionless atoms with respect to the absorption- 
emission processes of a single cavity photon the collec- 
tive states |j) are identical simplifying considerable the 
analytical treatment of the problem. That is to say the 
atoms passing through the interaction region and those 
N ~ N — I atoms inside the resonator are distinguish- 
able. In this case \ j) can be treated as a coherent atomic 
state which denotes a symmetrized N —atom state 
in which TV — 1 atoms are in their ground levels while one 
atom being excited into its upper bare state, respectively. 
Then the atom-field interaction Hamiltonian in Eq. J^l, 



^'^f = J2 ^(diRi + 9*1 aRt), 



can be diagonalized using the above mentioned basis 
states to obtain the following expressions for the nor- 
malized eigenf unctions 
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^^{|f) + VF^b-)}--^|0), (2) 



with eigenvalues A(+) = hg^/N , \^°'^ = and A^^^ = 
— hg^/N, respectively. Note that we have considered here 
the exact resonance between the cavity mode frequency 
and atomic ones, i.e. lOc — '-^o = '-^01 — = ■ ■ ■ ~ loqn. 
In addition, equal atom-field real couplings (51 = 52 = 
■ ■ ■ gN = g) were assumed while the field mode in the cav- 
ity is z-independent, i.e. as for an idealized mesa function 
shape (see Fig.^. Thus, the collective behaviors we con- 
sider are entirely due to the mutual coupling of all the 
emitters with a common radiation field. 
We assume the initial wave packet of the moving particle 
to be 0(z,t) = / dx^(x)e"*^'*'^'/^^^*e*'^^ where A{x) is a 
normalized function of x (say, for instance, a Gaussian) 
peaked about the mean momentum hx- The combined 
state of the atom-cavity system at the initial time t — Q 
is |$(z,0)) = 0(z,O)|l), where |1) has to be represented 
via dressed state functions, that is 



ii> = [i*yo + v/2(A^-i)i*x:o + i* 

Now the initial state will be expressed as a sum of com- 
ponents of the form |$^^(2,0)) = (/)(2;, 0)|\1/^^) and 
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each of which obeys the one- 



dimensional time-dependent Schrodinger equation 
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which show that we reduced the problem to a scattering 
process of a particle incident upon a potential ±hg^/N, as 
depicted in Fig. (Q). Thus, the effect of the vacuum ca vity 
mode is to induce a potential barrier and a well 0, [T5| 

corresponding, respectively, to the eigenfunctions l^'j^^) 
while the particles inside the cavity magnify considerable 
these potentials. Note that the external motion of atom 
experiences free evolution in the eigenstate I^'tv'') for a 
z-independent cavity mode. 

Supposing next that the peak of incident wave packet 
enters the cavity at time t = one arrives at the complete 
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wave function of the atom-field system at time t after the 
atom has left the interaction region: 
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X 9{^z)+Tj^^e^^^9{z-L)]\s), (4) 

where Heaviside's unit step function 9 indicates on which 
side of the cavity the emitter can be found. Here the re- 
flection amplitudes of the particle incident upon a cavity 
while remaining in the states |s) (s G 0}) are 
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On the other hand the corresponding transmission am- 
plitudes are given, respectively, by 
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X/4*V2, and 



[Cn /X + X/C]v ]/2, where n is the CM wave 
vector for which the kinetic energy (Hk)'^ /2p equals the 
atom- vacuum coupling energy hg. 

The probabilities to find the atomic system in the state 



is P, = \R 



(s)|2 



N 



is), 2 



> 



In particular, for fast atoms, 
N, one obtains the results given in jj, i-e. 
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i.e. 

Pf = [iV(l-^/i)-l + 2(5/i] [7V5/i-l-f-cos(gtViV)] V^^^ 



and Po = sin"'(gtViV)/7V with / e while the in- 

teraction time is given by i = pL/{hx)- 
We focus further on the quantum tunneling of excited 
slow particles through multi-particle vacuum induced po- 
tentials. The transmission probability, i.e. the probabil- 
ity to find the excited atom on the right side of the cavity. 



can be calculated as Pr 
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A relatively simple 



expression for tunneling of the excited particle can be 
obtained if x^ ^ k^VN, namely 
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since, for slow atoms, r 
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while pj^^ 



-1 which 



means that the dressed state component is always 

reflected. In particular, when = 1, i.e. a ultra - slow 
particle entering a empty cavity, one gets 
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that takes a maximum value if kL — irn where n is 
an integer. On the other hand, for iV > 1, maximum 
of pj,^-* occurs for LnyfN — i-K-n, that is Py^^j^^ = 
[1 - l/(2iV)]2, while minimum for Lk^/N = (2n + l)7r. 



I.e. P^min — ~ 3/(2A^)]2. For moderate samples these 
expressions may help to determine the number of ground- 
state particles trapped inside the resonator within one 
emission wavelength. Interestingly, large atomic sys- 
tems lead to a complete transfer of excited particles 
through the multiparticle- vacuum induced potentials be- 



cause P^ 



(1) 



1 for TV > 1 (see Eq. C|). Additionally, 



if A^ is large, P^^'' is independent on the width of these 
potentials and on atomic velocities providing that the 
particle's kinetic energy E is in the classically forbidden 
range (i.e. E < hg\/N). 

Figures |(5J and ^ depict, for different number of in- 
volved particles, the transmission probability p!^^ as 
function of the external parameter nL. As mentioned 
also above, by increasing the number of atoms inside the 
cavity, the tunneling probability p!^^ approaches unity. 
This effect can be understood by inspecting the system's 
wave function Q in the dressed-state picture. Remark- 
able, larger atomic samples, i.e. A^ ^ 1, allow to repre- 
sent this state as follows 



|<I>(z,t))= / dx^(x)e-^(^'^'/2^)*e^'^^0(z-L)|*(^)). (8) 



Thus, for many atoms inside the cavity, the contribu- 
tion to the total wave function \^{z,t)) resulting from 

the dressed state components l^*^^) are suppressed at 
resonance. This means that the whole system is into a 
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FIG. 2: Plot of the transmission probability p!^^ against nL. 
Here x/ hi — 0.03 while the number of atoms from the top to 
the bottom are, respectively, N = 100; 8; 3; 1. 
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FIG. 3: The dependence of the transmission probability 
as function of kL. The sohd hne is plotted for A'' = 100 
and x/'^ ~ 1-01 while the dashed curve is for A'^ — 2000 and 
x/k = 5, respectively. 

quantum state characterized by the eigenfunction 1^'^'') 
for which the slow atoms passing through the vacuum 
cavity mode experience free evolution. Moreover, l^*^') 
represents a multiparticle dark state because the emit- 
ters that traverse through the resonator do not radiate 
photons into the cavity mode as the emission probability, 
i.e. Po = \Rn^\^ + |Tj^°^P, tends to zero when iV > 1. 
Note that, in general, l^^'') consists form a superposi- 
tion of the first atom (which enters the cavity having 
— 1 indistinguishable ground-state particles) being ex- 
cited and any other single atom excited from those that 
are inside the resonator while the first atom is leaving the 
vacuum cavity mode in its ground state. Analyzing then 
Eqs. (O we realize that all the reflection amplitudes (i.e. 



R^^\ and vanish when TV > I. On the other 

hand, the transmission amplitude T^^-* I while T^-* 

and T^' are zero for larger samples (see Eqs. El . Thus, 
the quantum state of the moving atom is frozen when it 
passes through the cavity system because l^'j^'') « |1), 
if TV ^ 1, while the transmission probability equals to 
unity in this particular case as was shown in Fig. Q and 
Fig. (PI for various atomic velocities. 

Finally, the peaks and the dips shown in Fig. ||2Jl are 
due to the induced photon emission into the cavity mode 
when the emitters traverse the interaction region . 
These sharp resonances are very sensitive on the velocity 
spread 6v of particles and may dissapear when averaging 
over a small, but not tiny, velocity range as was shown 
in Q for single atom systems, i.e. for N = 1. However, 
the magnitude of these maxima and minima decreases as 
the number of atoms increases (see Fig.EJ. 

Concluding, an excited slow atom tunnels freely through 
a vacuum cavity mode filled with A'^ — 1 motionless in- 
distinguishable ground-state particles. The reason for 
this is the trapping of the atom (incident on the cavity 
mode) into its upper state when it moves through the 
cavity and the corresponding decoupling of this particu- 
lar atom from the interaction with the environment such 
that the emitter does not feel the induced potentials. 
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